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We analyse τ → pipipiντ decays within the framework of the resonance chiral theory of QCD. We have worked
out the relevant Lagrangian that describes the axial–vector current hadronization contributing to these processes,
and the new coupling constants that arise have been constrained by imposing the asymptotic behaviour of the
corresponding spectral function within QCD. Hence we compare the theoretical framework with the experimental
data, obtaining a good quality fit from the ALEPH spectral function and branching ratio. We also get values for
the mass and on–shell width of the a1(1260) resonance, and provide the τ → pipipiντ structure functions that have
been measured by OPAL and CLEO-II finding an excellent agreement.
1. Introduction
The hadronization of currents in exclusive
processes provide a detailed knowledge on the
strong interacting mechanisms driven by non–
perturbative QCD. Within this framework τ de-
cays into hadrons allow to study the properties of
the vector and axial–vector QCD currents, and
yield relevant information on the dynamics of the
resonances entering into the processes. At very
low energies, typically E ≪ Mρ (being Mρ the
mass of the ρ(770)), chiral perturbation theory
(χPT) [1] is the corresponding effective theory of
QCD. However the decays τ → pipipiντ , through
their full energy spectrum, happen to be driven
by the ρ(770) and a1(1260) resonances, mainly, in
an energy region where the invariant hadron mo-
mentum approaches the masses of the resonances
(
√
Q2 ∼Mρ). Consequently χPT is no longer ap-
plicable to the study of the whole spectrum but
only to the very low energy domain [2]. Until now
the standard way of dealing with these decays has
been to use O(p2) χPT to fix the normalization
of the amplitudes in the low energy region and,
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accordingly, to include the effects of vector and
axial–vector meson resonances by modulating the
amplitudes with ad hoc Breit–Wigner functions
[3,4]. However we have seen [5,6] that this mod-
elization is not consistent with O(p4) χPT, a fact
that could spoil any outcome provided by the
analysis of experimental data using this proce-
dure.
Lately several experiments have collected good
quality data on τ → pipipiντ , such as branch-
ing ratios and spectra [7] or structure functions
[8]. Their analysis within a model–independent
framework is highly desirable if one wishes to col-
lect information on the hadronization of the rel-
evant QCD currents. At energies E ∼ Mρ the
resonance mesons are active degrees of freedom
that cannot be integrated out, as in χPT, and
they have to be properly included into the rel-
evant Lagrangian. The procedure is ruled by
the approximated chiral symmetry of QCD un-
der SU(3)L⊗SU(3)R, that drives the interaction
of Goldstone bosons (the lightest octet of pseu-
doscalar mesons), and the SU(3)V assignments of
the resonance multiplets. Its systematic arrange-
ment has been put forward in Refs. [9,10] as the
Resonance Chiral Theory (RχT). A complemen-
tary tool is the large number of colours (NC) limit
of QCD. It has been pointed out [11] that the in-
verse of the number of colours of the gauge group
SU(NC) could provide the expansion parameter
involved in the perturbative treatment of the am-
plitudes. Indeed large–NC QCD shows features
that resemble, both qualitatively and quantita-
tively, the NC = 3 case.
In Ref. [5] we have performed an analysis of
the τ → pipipiντ decays using de above–mentioned
tools, and we present in the following its main
results.
2. The Resonance Effective Theory of
QCD
The final hadron system in the τ → pipipiντ
decays spans a wide energy region 3mpi <∼ E <∼
Mτ that is heavily populated by resonances. As
a consequence an effective theory description of
the full energy spectrum requires to include the
resonances as active degrees of freedom. RχT
is the appropriate framework to work with and,
accordingly, we consider the Lagrangian
LRχT = F
2
4
〈uµuµ + χ+〉 + FV
2
√
2
〈Vµνfµν+ 〉
+ i
GV√
2
〈Vµνuµuν〉 + FA
2
√
2
〈Aµνfµν− 〉
+LVkin + LAkin +
5∑
i=1
λiOiVAP , (1)
with λi unknown real adimensional couplings,
and the operators OiVAP are given by
O1VAP = 〈 [V µν , Aµν ]χ− 〉 ,
O2VAP = i 〈 [V µν , Aνα ]h αµ 〉 , (2)
O3VAP = i 〈 [∇µVµν , Aνα ]uα 〉 ,
O4VAP = i 〈 [∇αVµν , A να ]uµ 〉 ,
O5VAP = i 〈 [∇αVµν , Aµν ]uα 〉 ,
where hµν = ∇µuν + ∇νuµ and the notation is
that of Ref. [9]. Notice that we use the antisym-
metric tensor formulation to describe the spin 1
resonances and, consequently, we do not consider
the O(p4) chiral Lagrangian of pseudoscalars [10].
3. Axial–vector current form factors in τ →
pipipiντ
The decay amplitude for the τ− → pi+pi−pi−ντ
and τ− → pi−pi0pi0ντ processes can be written as
M± = − GF√
2
Vud u¯ντγ
µ (1− γ5)uτ T±µ , (3)
where T±µ is the hadronic matrix element of the
participating Vµ − Aµ QCD currents. In the
isospin limit there is no contribution of the vector
current to these processes and, therefore, only the
axial–vector current Aµ appears :
T±µ(p1, p2, p3) = 〈pi1(p1)pi2(p2)pi±(p3)|Aµ|0〉 , (4)
being pi+ the one in τ− → pi+pi−pi−ντ and pi−
that in τ− → pi−pi0pi0ντ . The hadronic tensor
can be written in terms of three form factors, F1,
F2 and FP , as [12]
T µ = V µ1 F1 + V
µ
2 F2 + V
µ
P FP , (5)
where
V µ1 =
(
gµν − Q
µQν
Q2
)
( p1 − p3 )ν ,
V µ2 =
(
gµν − Q
µQν
Q2
)
( p2 − p3 )ν ,
V µP = Q
µ = pµ1 + p
µ
2 + p
µ
3 . (6)
The form factors F1 and F2 have a transverse
structure in the total hadron momenta Qµ and
drive a JP = 1+ transition. Bose symmetry un-
der interchange of the two identical pions in the fi-
nal state demands that F1(Q
2, s, t) = F2(Q
2, t, s)
where s = (p1 + p3)
2 and t = (p2 + p3)
2. Mean-
while FP accounts for a J
P = 0− transition that
carries pseudoscalar degrees of freedom and van-
ishes with the square of the pion mass. Hence its
contribution to the decay processes will be very
much suppressed and we will not consider it in
the following.
In the low Q2 region, the matrix element in Eq.
(4) can be calculated using χPT. At O(p2) one
has two contributions, arising from the diagrams
in Fig. 1. The sum of both graphs yields
T χ±µ = ∓
2
√
2
3F
{V1µ + V2µ} . (7)
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Figure 1. Diagrams contributing to the hadronic
amplitude T±µ in O(p2) χPT.
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Figure 2. Resonance–mediated diagrams con-
tributing to T±µ.
We now include the resonance–mediated contri-
butions to the amplitude, to be evaluated through
the interacting terms in LRχT Eq. (1). The rele-
vant diagrams to be taken into account are those
shown in Fig. 2. We get
TR±µ = ∓
√
2FV GV
3F 3
× (8)[
α(Q2, s, t)V1µ + α(Q
2, t, s)V2µ
]
±4FAGV
3F 3
Q2
Q2 −M2A
×
[
β(Q2, s, t)V1µ + β(Q
2, t, s)V2µ
]
.
The functions α(Q2, s, t) and β(Q2, s, t) are given
explicitly in Ref. [5] and depend on three combi-
nations of the λi couplings in LRχT in Eq. (1),
that we call λ0, λ
′ and λ′′.
The form factors in Eq. (8) include zero–width
ρ(770) and a1(1260) propagator poles, leading to
divergent phase–space integrals in the calculation
of the τ → pipipiντ decay width as the kinematical
variables go along the full energy spectrum. The
result can be regularized through the inclusion
of resonance widths, which means to go beyond
the leading order in the 1/NC expansion, and im-
plies the introduction of some additional theoret-
ical inputs. This issue has been analysed in de-
tail within the resonance chiral effective theory
in Ref. [13] and, accordingly, we include off–shell
widths for both resonances [5].
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Figure 3. Fit to the ALEPH data for the nor-
malized τ− → pi+pi−pi−ντ .
4. QCD constraints on the coupling con-
stants
A look to our results above shows that we have
six unknown couplings (or combination of cou-
plings), namely : FV , GV , FA, λ0, λ
′ and λ′′.
The QCD ruled short–distance behaviour of the
vector and axial form factors in the large–NC
limit (approximated with only one octet of vector
resonances) constrains the couplings of LRχT in
Eq. (1), which must satisfy [10] :
1 − FV GV
F 2
= 0 ,
2FVGV − F 2V = 0 . (9)
In addition, the first Weinberg sum rule, in the
limit where only the lowest narrow resonances
contribute to the vector and axial–vector spectral
functions, leads to
F 2V − F 2A = F 2 . (10)
In this way all three couplings FV , GV and FA can
be written in terms of the pion decay constant :
FV =
√
2F , GV = F/
√
2 and FA = F . These
results are well satisfied phenomenologically and
we have adopted them 2. The proper QCD driven
behaviour of the T±µ form factor imposes in ad-
dition the constraints :
2λ′ − 1 = 0 ,
λ′′ = 0 . (11)
2A more thorough study of this procedure is given in
Ref. [5].
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Figure 4. Theoretical values for the wA, wC , wD and wE integrated structure functions in comparison
with the experimental data from CLEO-II (solid) and OPAL (dashed) [8].
5. Phenomenology of τ → pipipiντ processes
To analyse the experimental data we will only
consider the dominating JP = 1+ driven axial–
vector form factors, that satisfy T+µ = −T−µ
hence providing the same predictions for both
τ− → pi+pi−pi−ντ and τ− → pi−pi0pi0ντ processes
in the isospin limit.
We have fitted the experimental values for the
τ− → pi+pi−pi−ντ branching ratio and normal-
ized spectral function obtained by ALEPH [7]
and we get a reasonable χ2/d.o.f. = 64.5/52
shown in Fig. 3. Hence we get the axial–vector
a1(1260) parameters MA = (1.204 ± 0.007)GeV
and Γa1(M
2
A) = (0.48± 0.02)GeV, where the er-
rors are only statistical. We predict, accordingly,
the structure functions [12] that we compare with
the experimental results for τ− → pi−pi0pi0ντ in
Fig. 4.
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